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Abstract
Let F be an infinite field of characteristic different from 2, and let E be the Grassmann
algebra of an infinite dimensional F -vector space L. In this paper we study the Z-graded
polynomial identities of E with respect to certain Z-grading such that the vector space L is
homogeneous in the grading. More precisely, we construct three types of Z-gradings on E,
denoted by E∞, Ek
∗
and Ek, and we give the explicit form of the corresponding Z-graded
polynomial identities. We show that the homogeneous superalgebras E∞, Ek∗ and Ek studied
in [10] can be obtained from E∞, Ek
∗
and Ek as quotient gradings. Moreover we exhibit
several other types of homogeneous Z-gradings on E, and describe their graded identities.
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1 Introduction
Let F be an infinite field of characteristic different from 2. If L is a vector space over F with basis
e1, e2, . . . , the infinite dimensional Grassmann algebra E of L over F is the vector space with a basis
consisting of 1 and all products ei1ei2 · · · eik where i1 < i2 < · · · < ik, k ≥ 1. The multiplication in
E is induced by eiej = −ejei for all i and j. We shall denote byB = BE the above canonical basis of
E. The Grassmann algebraE is one of the most important algebras satisfying a polynomial identity,
also known as PI-algebras. Recall that in characteristic 2 the Grassmann algebra is commutative
hence not very interesting from the point of view of PI theory. The polynomial identities of the
Grassmann algebra were described by Latyshev [23], and later on by Krakowski and Regev [22].
Recall that in the latter paper the structure of the ideal of identities of E was described very
tightly. The identities of E have been extensively studied also in positive characteristic. The
interested reader can consult the paper [14] and the references therein for further information.
In characteristic 0, it is the easiest example of an algebra which does not satisfy any standard
identity sn. We recall that the standard polynomial sn(x1, . . . , xn) =
∑
σ∈Sn
(−1)σxσ(1) · · ·xσ(n)
is the alternating sum of all monomials obtained by x1 · · ·xn by permuting its variables. Here Sn
stands for the symmetric group on the letters {1, . . . , n}, and (−1)σ is the sign of the permutation
σ. This polynomial plays a prominent role in PI theory, especially in characteristic 0. We recall
that a theorem of A. Kemer [20] asserts that every PI algebra over a field of characteristic p > 2
satisfies some standard identity.
The Grassmann algebra has a natural Z2-grading E = E0 ⊕ E1 where E0 is the span of 1
and all products ei1 · · · eik with even k while E1 is the span of the products with odd k. Clearly
E0 is just the centre of E and E1 is the “anticommuting” part of E. This natural structure of a
Z2-graded algebra on E makes the Grassmann algebra very important not only in Algebra but
in various areas of Mathematics as well as in Theoretical Physics. We are not going to discuss
the applications of the Grassmann algebra here; we point out to the book by Berezin [5] for such
applications.
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Kemer [19, 18] developed the structure theory of the ideals of identities of associative algebras,
also called T-ideals, in characteristic 0. This description led Kemer to the positive solution of the
long standing and extremely important problem posed by W. Specht in 1950: Is every T-ideal
in characteristic 0 finitely generated as a T-ideal? A key ingredient in Kemer’s research was the
following result: Every associative PI-algebra over a field of characteristic zero is PI-equivalent to
the Grassmann envelope of a finite dimensional associative superalgebra. Here we recall that if
A = A0⊕A1 is a superalgebra then its Grassmann envelope is defined as E(A) = A0⊗E0⊕A1⊗E1.
With some abuse of notation we shall use the term superalgebra as synonymous to Z2-graded
algebra. While in the associative case these two notions do coincide they do not if one studies
nonassociative algebras. Thus a Lie (or Jordan) superalgebra is a Z2-graded algebra A such that
E(A) is a Lie (or Jordan) algebra. Observe that A need not be a Lie (or Jordan) algebra at all,
and in all interesting cases it is not.
Group gradings on algebras and the corresponding graded polynomial identities have been
extensively studied in PI theory during the last two or three decades. As we already mentioned
the Grassmann algebra admits a natural grading by the group Z2; here we shall denote it by
Ecan = E(0) ⊕ E(1). The graded identities for the canonical grading on E are well known, see
for example [15]. In the last fifteen years a substantial number of papers has presented results on
gradings on the Grassmann algebra and their graded identities. However two strong hypotheses
have always been done:
• The group G of the grading on E is finite.
• All generators e1, e2, . . . , en, . . . of E are homogeneous in the grading.
We cite here the research developed by Anisimov [1, 2], and by Di Vincenzo and da Silva [8, 10].
In a previous paper we studied Z2-gradings on E without assuming the homogeneity of the
generators, see [17]. We proved that there exist very many nonhomogeneous such gradings on E.
On the other hand it turns out that in all "typical" cases the gradings obtained are very similar
to homogeneous ones.
In this paper we shall dispense with the first of the above two conditions, and we shall study
gradings on E by the infinite cyclic group Z. We point out that until now the only known Z-grading
on E has been the natural one. It is given by Ecan = ⊕n∈ZE
(n) where
E(n) =


0, if n < 0
F, if n = 0
spanF {w ∈ BE | |supp(w)| = n}, if n ≥ 1
.
Gradings by Z have been studied in the context of polynomial identities. We recall that Vasilovsky
[25, 26] described the Z-grading and Zn-grading on matrix algebras in characteristic 0, and later
on Azevedo [4, 3] obtained similar results over any infinite field. The Z-graded identities (as well as
the Z2-graded ones) for the Lie algebra sl2(F ) were described in [21]. In all these cases the graded
polynomial identities are essentially the same as in the "finite" case. In [13] the natural Z-grading
on the Lie algebra W1 of the derivations on the polynomial ring in one variable was studied. In
the latter paper it was proved that the graded identities for W1 do not admit any finite generating
set. (We recall here that finding a generating set for the ordinary identities of W1 is an important
open problem in PI theory.)
Let us mention that the study of graded algebras started with the natural grading by Z on the
polynomial ring. Gradings by Z where only finitely many components are nonzero are important
in various areas of Algebra: in the theory of finite dimensional Lie algebras, in the theory of Jordan
algebras, pairs and triple systems, and so on.
We return to the Grassmann algebras. When we pass to the quotient grading modulo 2Z we
see that Ecan is induced by E
can. Hence we have the correspondence
Ecan
(mod 2Z)
7−→ Ecan.
Di Vincenzo and da Silva in [10] described the Z2-gradings on the Grassmann algebra E in char-
acteristic zero. They assumed that the vector space L is homogeneous. There exist three possible
structures, namely:
‖ei‖k =
{
0, if i = 1, . . . , k
1, otherwise
,
2
‖ei‖k∗ =
{
1, if i = 1, . . . , k
0, otherwise
,
and
‖ei‖∞ =
{
0, if i even
1, otherwise
.
These three cases provide us with three superalgebras denoted respectively by Ek, E∞, and Ek∗ .
The Z2-graded polynomial identities of Ek, E∞, and Ek∗ were completely described in [10]. In
a similar way in [6] the author described the polynomial identities of Ek, E∞ and Ek∗ over an
infinite field of positive characteristic p > 2, and in [16], the same was done when F is a finite field.
Following the above discussion here we develop a rather general procedure for producing Z-
gradings on E such that the vector space L is homogeneous. In fact such a procedure can be
used to obtain the gradings by an arbitrary abelian group G. Moreover the construction allows us
to realize the superalgebras Ek, E∞ and Ek∗ as quotient gradings from appropriate and natural
Z-gradings on E.
In addition to the general construction we deal with three more particular types of Z-gradings
on E. Our interest in these three types of Z-gradings derives from the fact that they yield, in a
sense, the Z2-gradings considered by Di Vincenzo and da Silva in [10] when passing to the quotient
of Z by 2Z. We describe the respective Z-graded polynomial identities. First we study the situation
where the base field is of characteristic zero; afterwards we extend our results to an infinite field
of characteristic different from 2.
2 Preliminaries
Let F be a fixed infinite field of characteristic different from 2. Throughout this paper all vector
spaces and algebras will be associative and with unity, and will be considered over F . We also fix
an abelian group G. Whenever necessary we shall state explicitly any restrictions on F and/or G
which we impose.
A G-grading on an associative algebra A is a vector space decomposition A = ⊕g∈GAg such
that AgAh ⊂ Agh for all g, h ∈ G. When a ∈ Ag we say that a is homogeneous and its degree is
α(a) = g. In some occasions we will want to use a subscript (or superscript) to the degree, in such
cases we will use ‖a‖ for the homogeneous degree of a, like ‖a‖i or ‖a‖i. If H is a subgroup of G
we define the quotient G/H-grading as A = ⊕g∈G/HAg where Ag = ⊕h∈HAgh.
Group gradings on the Grassmann algebra with groups G other than Z2 were studied in the
papers [11, 7]. In these the authors describe homogeneous gradings on E by cyclic groups of prime
order and by finite abelian groups, respectively.
Let X = ∪i∈ZXi be the disjoint union of infinite countable sets of variables Xi = {xi1, x
i
2, . . .},
i ∈ Z. Assuming that for each i ∈ Z the elements of the sets Xi are of Z-degree i, the free
associative algebra F 〈X |Z〉 has a natural Z-grading ⊕i∈ZF
i. Here Fi is the vector subspace of
F 〈X |Z〉 spanned by all monomials of Z-degree i. It is immediate to see that this defines indeed a
Z-grading on F 〈X |Z〉. It is also easy to see that F 〈X |Z〉 is free in the following sense. Given a
Z-graded algebra A = ⊕i∈ZAi and a map f : X → A such that f(Xi) ⊆ Ai for every i then f can
be uniquely extended to an algebra homomorphism ϕ : F 〈X |Z〉 → A which respects the Z-gradings
on these algebras. (Such homomorphisms are called Z-graded ones.)
A polynomial f(xl1j1 , . . . , x
lr
jr
) is called a Z-graded polynomial identity (PI) of the Z-graded
algebra A if f(a1, . . . , ar) = 0 for all al ∈ Ail . The set TZ(A) of all Z-graded polynomial identities
is an ideal of F 〈X |Z〉. It is also invariant under Z-graded endomorphisms of F 〈X |Z〉. Such ideals
are called TZ-ideals. As in the case of ordinary polynomial identities one proves that an ideal I
in F 〈X |Z〉 is a TZ-ideal if and only if it coincides with the ideal of all Z-graded identities of some
Z-graded algebra A. It is well known that studying ordinary polynomial identities in characteristic
0, one may consider the multilinear ones. The analogous fact holds for graded identities as well.
Thus if A is a Z-graded algebra over the field F of characteristic 0, the ideal TZ(A) of all Z-graded
identities of A is generated as a TZ-ideal by its multilinear polynomials. In the more general case
of an infinite field one has to take into account the multihomogeneous polynomials instead of the
multilinear ones.
In the case of ordinary identities of unitary algebras one can reduce further the set of polynomial
identities that determine a given T-ideal. Such a reduction is given by the proper polynomials.
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Let L(X) be the free Lie algebra freely generated over F by the set X . It is well known that
its universal enveloping algebra is the free associative algebra F 〈X〉 (Witt’s Theorem). Take an
ordered basis of L(X) such that the variables from X precede the longer commutators. By the
Poincaré–Birkhoff–Witt theorem F 〈X〉 has a basis as a vector space consisting of elements
xi1 · · ·ximuj1 · · ·ujn
where i1 ≤ · · · ≤ im, all ujk are commutators of degree ≥ 2, and moreover j1 ≤ · · · ≤ jn, m,
n ≥ 0. Let A be a unitary associative algebra and assume f ∈ T (A) is an identity for A. A
standard argument, see for example [12, Section 4.3] shows that f is equivalent as an identity to
a finite collection of polynomials which are linear combinations of products of commutators, as
long as the field F is infinite. Such polynomials (linear combinations of products of commutators)
are called proper polynomials. In particular, if F is of characteristic 0, and 1 ∈ A then T (A) is
generated as a T-ideal by its proper multilinear polynomials. The idea of proof of this fact consists
in substituting the variables x in f by x+1, and then taking the homogeneous components. As the
field is infinite, these homogeneous components are identities for A as well. But if one substitutes 1
inside a commutator then the corresponding summand vanishes. Thus one eliminates the variables
outside of commutators.
The above argument does not apply straightforward to graded identities. But a slight modifi-
cation of it shows that one can still make use of it, namely by considering the so-called 0-proper
polynomials. These are polynomials where each variable of homogeneous degree 0 appears in com-
mutators only, while the remaining variables may appear inside or outside the commutators. Here
we draw the readers’ attention that the element 1 of the algebra lies in the homogeneous compo-
nent of degree 0. The 0-proper polynomials have been used by various authors, see for example [9,
Proposition 1.2].
We make use of the 0-proper polynomials in the description of the graded identities of the
canonical Z-grading on E, and in an essential way, in Section 6 where we describe the identities of
the grading Ek which is the analogue to Ek.
3 The natural Z-grading on E
Recall that the natural Z-grading on E is defined as Ecan = ⊕n∈ZE
(n) where
E(n) =


0, if n < 0
F, if n = 0
spanF {w ∈ BE | |supp(w)| = n}, if n ≥ 1
.
We recall that if F 〈X |Z〉 is the free associative Z-graded algebra we denote the degree of the
variable x by α(x).
We describe now the generators of the Z-graded polynomial identities for Ecan.
Lemma 1. The following polynomials are Z-graded identities of Ecan = ⊕n∈ZE
(n):
• x, if α(x) < 0;
• [x1, x2], if α(x1) or α(x2) is an even integer;
• x1x2 + x2x1, if α(x1) and α(x2) are odd integers.
Proof. The proof is trivial and hence omitted.
Proposition 2. Let the field F be of characteristic 0. The TZ-ideal of the Z-graded polynomial
identities of Ecan = ⊕n∈ZE(n) is generated by the graded polynomials from Lemma 1.
Proof. Let I be the TZ-ideal generated by the graded identities from Lemma 1. The inclusion
I ⊂ TZ(Ecan) is immediate by Lemma 1. Thus we have to prove only the opposite inclusion.
Let us take a multilinear polynomial f(x1, . . . , xt, xt+1, . . . , xt+s) /∈ I where α(xi) is an even
integer whenever i = 1, . . . , t, and α(xi) is odd for i = t + 1, . . . , t + s. Since f is not in I we
assume that each variable is of degree ≥ 0. Modulo the graded identities from Lemma 1 we obtain
that
f ≡ βx1 . . . xtxt+1 . . . xt+s (mod I), with β 6= 0.
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Now we consider the following Z-graded evaluation
x1 7→ e1 . . . eα(x1),
x2 7→ eα(x1)+1 . . . eα(x1)+α(x2),
...
xt 7→ eα(x1)+···+α(xt−1)+1 . . . eα(x1)+α(x2)+···+α(xt−1)+α(xt).
Putting p = α(x1) + α(x2) + · · ·+ α(xt), we define further
xt+1 7→ ep+1 . . . ep+α(xt+1),
xt+2 7→ ep+α(xt+1)+1 . . . ep+α(xt+1)+α(xt+2),
...
xt+s 7→ ep+α(xt+1)+···+α(xt+s−1)+1 . . . ep+α(xt+1)+···+α(xt+s−1)+α(xt+s).
This evaluation is clearly Z-graded. The products of the generators ei involved in it have disjoint
supports, and therefore their product will not vanish on E.
In the following theorem we deal with the case when F is an infinite field of characteristic p > 2.
Theorem 3. Over an infinite field F of characteristic p > 2, all Z-graded polynomial identities of
Ecan are consequences of the graded identities from Lemma 1 together with the identity xp whenever
α(x) ≥ 1 is an even integer.
Proof. Let f(x1, . . . , xn) be a 0-proper multihomogeneous identity of E
can. As x is a graded
identity whenever α(x) < 0 we can assume that all variables x appearing in f are of degree
α(x) > 0. The identity x1x2 + x2x1 = 0 when x1 and x2 are of odd degrees gives us x
2 = 0 if
α(x) is an odd integer. Combining this with the fact that [x, y] is a graded identity when α(x) is
an even integer, we can suppose that all odd variables in f are multilinear. On the other hand the
identity xp = 0 when α(x) is even allows us to assume that
f(x1, . . . , xn) = βx
l1
1 · · ·x
lv
v xv+1 · · ·xn
where α(xi) is even if i = 1, . . . , v, α(xi) is odd if i = v+1, . . . , n, and li < p for every i = 1, . . . ,
v. Therefore f vanishes on Ecan if and only if β = 0.
It is well known that the non-unitary Grassmann algebra in characteristic p > 2 satisfies the
identity xp, see for example [14, Lemma 12] and the references therein. This implies that ap = 0
for every homogeneous element a ∈ Ecan of degree ≥ 1. On the other hand if α(a) is odd then by
Lemma 1 we have 2a2 = 0 and a2 = 0 thus ap = 0 as well. Hence one has to impose the identity
xp only for homogeneous elements of even degree.
4 Z-gradings on E: A general construction
In this section we provide the general method of constructing Z-gradings on E. In fact the method
works for every abelian group G instead of Z.
We start with defining three types of Z-gradings on the Grassmann algebra E; these are the
natural analogues of the ones considered in [10]. To this end we consider the following attribution
of degrees on its generators:
‖ei‖
k =
{
0, if i = 1, . . . , k
1, otherwise
,
‖ei‖
k∗ =
{
1, if i = 1, . . . , k
0, otherwise
,
‖ei‖
∞ =
{
0, for i even
1, for i odd
.
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Then we induce the Z-grading on E putting
‖ej1 · · · ejn‖ = ‖ej1‖+ · · ·+ ‖ejn‖,
and extend it to E by linearity.
We denote by Ek, Ek
∗
and E∞ the three types of Z-graded algebras above. Observe that the
natural Z-graded algebra Ecan can be obtained from the previous attribution of degrees, it is the
case when ‖ei‖ = 1 for all i, that is it is the grading E0.
Remark 1. The superalgebras Ek, Ek∗ , and E∞ can be obtained respectively from E
k, Ek
∗
and
E∞ in a natural manner. Indeed, passing to the quotient grading by the subgroup 2Z we note that
Ek
(mod 2Z)
7−→ Ek,
Ek
∗ (mod 2Z)
7−→ Ek∗ ,
E∞
(mod 2Z)
7−→ E∞.
Clearly one can find infinitely many Z-gradings on E that produce the same Z2-grading. One can
choose some “natural” Z-grading producing a given Z2-grading; the same holds word by word if we
consider gradings on E by a cyclic group Zm for every m.
Now we present a general method for constructing Z-gradings on the algebra E.
Let l ∈ N be a positive integer and consider a list (n1, . . . , nl) where n1 < · · · < nl and each nj
belongs to Z. We write the vector space L as
L = Lv1n1 ⊕ L
v2
n2 ⊕ · · · ⊕ L
vl
nl
where we assume each L
vj
nj 6= 0. Suppose dimL
vj
nj = vj where vj ∈ N, or vj = ∞. Up to a change
of the basis of the vector space L, we can assume that the generators ei of E satisfy ei ∈ ∪lj=1L
vj
nj .
In other words we split the basis e1, e2, . . . of E into l disjoint sets (some of these may be finite).
Denote by L
vj
nj the span of the j-th set, and attribute homogeneous degree nj to the elements of
the vector space L
vj
nj .
Thus we induce a Z-grading on E by using the lists (n1, . . . , nl) and (v1, . . . , vl). We define
‖ek‖ = nj if and only if ek ∈ L
vj
nj .
For every product ek1ek2 · · · eks belonging to E we define
‖ek1ek2 · · · eks‖ = ‖ek1‖+ ‖ek2‖+ · · ·+ ‖eks‖.
Hence the two lists (n1, . . . , nl) and (v1, . . . , vl) produce a Z-grading on E. We shall denote this
grading by E
(v1,...,vl)
(n1,...,nl)
.
Remark 2. Observe that Ecan, Ek
∗
, E∞ and Ek are obtained from the lists
• (1) and (∞),
• (0, 1) and (∞, k),
• (0, 1) and (∞,∞),
• (0, 1) and (k,∞),
respectively. Hence the procedure described above is indeed a general one.
Remark 3. The procedure just described is more general; it can be used to construct G-gradings
on E, for every abelian group (G,+). In fact, we can consider any map η from L to G and define
the G-degree of the element e ∈ L by
‖e‖G = η(e).
One defines
‖ei1ei2 · · · eis‖G = ‖ei1‖G + ‖ei2‖G + · · ·+ ‖eis‖G
and this produces a G-grading on E.
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Definition 1. We say that a Z-gradingE = ⊕n∈ZEn on the Grassmann algebra is of finite coverage
if there exists a list (n1, n2, . . . , nk) of integers such that L ⊂ En1 ⊕ En2 ⊕ · · · ⊕ Enk .
Remark 4. Recall that if A = ⊕g∈GAg is a G-graded algebra the support of the grading consists
of the elements g ∈ G such that Ag 6= 0. Clearly we have that
• Every Z-grading on E defined by a fixed list is a Z-grading of finite coverage.
• Every Z-grading on E of finite support is a Z-grading of finite coverage. However the converse
is not true. For example, the Z-grading Ecan is of finite coverage (since L ⊂ E(1)) but it
does not have finite support.
In what follows we will be interested in gradings on E of finite coverage.
Assume F is of characteristic 0. Let Vn be the vector subspace of F 〈X |Z〉 spanned by all
multilinear monomials in x1, x2, . . . , xn ∈ X with all possible Z-gradings on the xi. Then it is
clear that if A is a Z-graded algebra the TZ-ideal TZ(A) is generated by all polynomials lying in
the intersections TZ(A) ∩ Vn, n ≥ 1. The following lemma is standard. Its proof is easy; when the
grading group is Z2 it is the contents of Lemmas 3 and 4 of [10].
Lemma 4. Let the field F be of characteristic 0 and let f(x1, . . . , xn) ∈ Vn be multilinear. Then
f is an ordinary identity for E, that is f ∈ T (E), if and only if for every map h : {1, . . . , n} →
Z2, there exist a1, . . . , an ∈ BE with pairwise disjoint supports such that, for all i satisfying
|supp(ai)| ≡ h(i) (mod 2Z) one has f(a1, . . . , an) = 0.
5 Graded identities of Ek
∗
and E∞
Let k be a positive integer. We shall deal with the Z-grading Ek
∗
= ⊕n∈ZAn. In this case we have
e1, . . . , ek ∈ A1 and en ∈ A0, for n > k. Obviously, if n > k or n < 0 we have An = 0. Therefore
we have the following decomposition of Ek
∗
:
Ek
∗
= A0 ⊕A1 ⊕ · · · ⊕Ak.
We observe that for every t = 1, . . . , k, a (nonzero) product of the generators ei, say w ∈ BE ,
belongs to the component At if only if w has exactly t factors in the set {e1, . . . , ek}. Also if
1 ≤ t ≤ k the homogeneous component of degree t([k/t] + 1) is trivial.
It is immediate to see that the algebra Ek
∗
satisfies the following Z-graded polynomial identities:
• x, if α(x) /∈ {0, . . . , k}.
• [x1, x2, x3], for all degrees α(x1), α(x2) and α(x3).
Given a positive integer t, 1 ≤ t ≤ k, we consider the non-negative integers m, l1, . . . , lt. Let
us denote by Vm,l1,...,lt the vector space of Z-graded multilinear polynomials having:
m variables of degree 0, namely z1, . . . , zm,
l1 variables of degree 1, namely x
1
1, . . . , x
1
l1
,
...
lt variables of degree t, namely x
t
1, . . . , x
t
lt
.
Proposition 5. Assume F is of characteristic 0. Let 1 ≤ t ≤ k and n = l1 + l2 + · · ·+ lt+m, we
define ψ : Vn → Vm,l1,...,lt as the linear isomorphism induced by the map
xi 7→


x1i , if 1 ≤ i ≤ l1
x2i−l1 , if l1 + 1 ≤ i ≤ l1 + l2
...
xti−(l1+···+lt−1), if l1 + · · ·+ lt−1 + 1 ≤ i ≤ l1 + · · ·+ lt−1 + lt
zi−(l1+···+lt), otherwise
.
Then
1. For every choice of l1, . . . , lt, m, one has
ψ(Vn ∩ T (E)) = Vm,l1,...,lt ∩ TZ(E
∞).
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2. If (1 × l1) + (2 × l2) + · · ·+ (t× lt) ≤ k the following equality holds:
ψ(Vn ∩ T (E)) = Vm,l1,...,lt ∩ TZ(E
k∗).
Proof. The proofs of both statements are quite similar, and that is why we shall prove the second
of them. The inclusion ψ(Vn ∩ T (E)) ⊆ Vm,l1,...,lt ∩ TZ(E
k∗) is immediate. Hence we shall prove
the opposite inclusion. Let us assume
f(x11, . . . , x
1
l1 , . . . , x
t
1, . . . , x
t
lt , z1, . . . , zm) = ψ(f(x1, . . . , xn)) ∈ TZ(E
k∗).
is a multilinear Z-graded polynomial identity for Ek
∗
. We shall prove that f(x1, . . . , xn) ∈ T (E).
Let h : {1, . . . , n} → Z2 be a fixed map. We use Lemma 4 to construct a Z-graded evaluation
with pairwise disjoint supports, respecting the degrees given by the map h but vanishing f .
Since (1 × l1) + (2 × l2) + · · · + (t × lt) ≤ k, we consider disjoint subsets Sl1 , Sl2 , . . . , Slt of
S = {e1, e2, . . . , ek} such that Sli has i× li elements, for i = 1, . . . , t.
Write each set Sli as the disjoint union of li subsets of cardinality i, that is
Sli = S
i
1 ∪ S
i
2 ∪ · · · ∪ S
i
li .
If the integer s is such that l1 + · · ·+ li−1 + 1 ≤ s ≤ l1 + · · ·+ li, we define
as = (
∏
j
ej)e
⋆
s where ej ∈ S
i
s−(l1+···+li−1)
,
and
e⋆s = 1 if and only if i ≡ h(s) (mod 2Z),
while otherwise the symbol e⋆s must be replaced by some generator belonging to A0. Since there
exist infinitely many generators in A0, we choose every consecutive e
⋆
s in such a way that the list
Y = {e⋆s} has no repeated elements, for each s.
Now we suppose that n ≥ i > l1 + · · ·+ lt. In this case we choose monomials bi whose factors
do not belong to S ∪ Y , and such that
|supp(bi)| ≡ h(i) (mod 2Z) and b1, . . . , bm have disjoint supports.
It follows that the evaluation
xj 7→ aj , 1 ≤ j ≤ l1 + · · ·+ lt; zj 7→ bj, 1 ≤ j ≤ m
preserves the map h and also the Z-grading Ek
∗
. Therefore we obtain that
f(a1, . . . , bm) = 0,
and thus the proof is complete.
We shall describe a generating set of polynomial identities for the Z-gradings denoted by Ek
∗
and E∞. To this end we define the set D = {(l1, . . . , lk) ∈ N0 × · · · × N0} such that
1× l1 + 2× l2 + · · ·+ k × lk ≥ k + 1.
For each element (l1, . . . , lk) ∈ D, we consider the set CD of multilinear polynomials
x1x2 · · ·xn,
having li variables of degree i and n = l1+ · · ·+ lk. We observe that each monomial xt1x
t
2 · · ·x
t
[ k
t
]+1
belongs to CD, for t = 1, . . . , k. It is immediate to verify that all the polynomials above are
Z-graded identities for Ek
∗
. On the other hand every polynomial identity in CD is of homogeneous
degree ≥ k + 1, thus it follows from the identities x with α(x) /∈ {0, . . . , k}.
Theorem 6. Assume that F is a field of characteristic 0. Let TZ(E
d) be the TZ-ideal of the
Z-graded polynomial identities for Ed, where d stands for either ∞ or k∗. Then
1. TZ(E
∞) is generated by the set of the following polynomials:
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• x, if α(x) < 0.
• [x1, x2, x3], for every choice of the degrees α(x1), α(x2), α(x3).
2. TZ(E
k∗) is generated by the set of the following polynomials:
• x, if α(x) /∈ {0, . . . , k}.
• [x1, x2, x3], for every choice of the degrees α(x1), α(x2), α(x3).
Proof. Let Ik be the TZ-ideal of F 〈X |Z〉 generated by the graded polynomials from Statement 2
of the Theorem. It is easy to show that Ik ⊆ TZ(Ek
∗
). Given a multilinear Z-graded polyno-
mial identity f(x11 . . . , x
k
lk
, . . . , zm) of E
k∗ we can suppose that (1 × l1) + · · · + (k × lk) ≤ k and
also that the degrees of all variables are ≥ 0. By Proposition 5 we have that f(x1, . . . , xn) is
an ordinary polynomial identity of E. Hence f =
∑h
i=1 ai[bi, ci, di]gi for some polynomials ai,
. . . , gi ∈ F 〈X〉. As f(x1, . . . , xn) is multilinear we can assume that each of these elements is
a monomial in F 〈X〉, and aibicidigi ∈ Vn for every i = 1, . . . , h. Therefore we obtain that
f(x11 . . . , x
k
lk
, . . . , zm) = ψ(f(x1, . . . , xn)) =
∑h
i=1 ψ(ai[bi, ci, di]gi) =
∑h
i=1 ai[bi, ci, di]gi. Here ai,
bi, ci, di, gi are monomials in F 〈X |Z〉 and aibicidigi ∈ Vm,l1,...,lt .
This proves the second statement of our theorem. The first assertion is proved by using a
similar argument.
Till the end of this section we consider F an infinite field of characteristic p > 2. We start with
the graded identities of the algebra Ek
∗
.
The ideas are similar to those in characteristic 0. Nevertheless we cannot restrict ourselves to
the multilinear polynomials only but we have to work instead with the multihomogeneous identities.
Most of the results in this section are adaptations of those from [6]. In that paper the author
dealt with the Z2-graded case.
First we state the following theorem that we shall use later on. Its proof is well known, see for
example [23, 22]. Formally in these two papers the authors worked over a field of characteristic 0;
the argument given is characteristic-free, we refer to [14] for further details.
Theorem 7. Let E be the infinite dimensional Grassmann algebra over an infinite field. Then
1. The T -ideal I of the polynomial identities of E is generated by the triple commutator [x1, x2, x3],
that is I = 〈[x1, x2, x3]〉T .
2. The polynomials [x1, x2][x1, x3] and [x1, x2][x3, x4] + [x1, x3][x2, x4] belong to I.
Proposition 8. If char(F ) = p > 0 then Ek
∗
satisfies the graded identity xp for every degree
α(x) 6= 0.
Proof. Follows from the ordinary identities of the Grassmann algebra in characteristic p > 2, see
for example [24, 14].
Lemma 9. If n ∈ N then the polynomial t2n = [z1, z2][z3, z4] · · · [z2n−1, z2n] is not a Z-graded
identity for Ek
∗
. Here α(zj) = 0 for every j.
Proof. By Theorem 7 we obtain t2n(ek+1, . . . , ek+2n) = 2
nek+1 · · · ek+2n 6= 0.
The idea in the following lemma is similar to that in Lemma 4.4 of [6].
Lemma 10. Consider l1, . . . , lk ∈ N0. Let T = (x11)
r11 · · · (x1l1)
r1l1 · · · (xk1)
rk1 · · · (xklk)
rklk be a graded
monomial satisfying the condition
∑k
i=1 i(r
i
1+ · · ·+ r
i
li
) ≤ k. Let r = max{r11 , . . . , r
k
lk
} and suppose
that p > r. Then T is not a Z-graded identity of Ek
∗
.
Proof. For every i = 1, . . . , k and t = 1, . . . , li we consider the subsets S
rit
i ⊂ {e1, . . . , ek} such
that |S
rit
i | = ir
i
t. Since
∑k
i=1 i(r
i
1 + · · ·+ r
i
li
) ≤ k we can construct such sets so that S
rit
i ∩ S
rjs
j = ∅
for every i, j = 1, . . . , k, t = 1, . . . li, and s = 1, . . . , lj. Now let M
rit
i be a set of r
i
t monomials of
length i with pairwise disjoint supports whose factors belong to S
rit
i , respectively.
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Consider the evaluation ϕ : F 〈X |Z〉 → E given by: xit 7→
∑
w∈M
ri
t
i
ww∗ where
w∗ =
{
1, if i is an even integer
e∗, if i is an odd integer
,
and, in the second case, we choose different generators e∗ outside of {e1, . . . , ek} (there exist
infinitely many such generators to choose from).
In this case it follows that
ϕ((x11)
r11 · · · (x1l1 )
r1l1 · · · (xk1)
rk1 · · · (xklk)
rklk ) =
k∏
i=1
li∏
t=1
rit !m
where m is a nonzero monomial. Since p > r we have that the last evaluation does not vanish.
Define the set D = {(r11 , . . . , r
1
l1
, . . . , rk1 , . . . , r
k
lk
) ∈ N0× · · · ×N0} |
k∑
i=1
i(ri1 + · · ·+ r
i
li
) ≥ k+1}.
Let m = (x11)
r11 · · · (x1l1 )
r1l1 · · · (xk1)
rk1 · · · (xklk )
rklk where (r11 , . . . , r
1
l1
, . . . , rk1 , . . . , r
k
lk
) ∈ D. Evalu-
ating m on the ei ∈ E
k∗ we have to repeat at least one among e1, . . . , ek thus vanishing m. (It
is also easy to see that m is moreover a consequence of the "trivial" identities of the type x with
α(x) /∈ {0, . . . , k}.)
Theorem 11. Let p > 2 be a prime and let k ∈ N0. Over an infinite field F of characteristic
p > k, all Z-graded polynomial identities of Ek
∗
are consequences of the graded identities:
• x, if α(x) /∈ {0, 1, . . . , k};
• [x1, x2, x3], for every choice of the degrees α(x1), α(x2), α(x3).
On the other hand, if p ≤ k all Z-graded polynomial identities of Ek
∗
are consequences of the above
two types of graded identities and the identity:
• (xt)p, if pt ≤ k, for t ∈ {1, . . . , k}.
Proof. Suppose that p > k. Let f(x1, . . . , xn) be a Z-graded polynomial identity for E
k∗ . We shall
assume that f is multihomogeneous, 0-proper, and that the degree of every variable of f belongs
to {0, 1, . . . , k}. Due to the (graded) identity [x1, x2, x3] we may assume that all the commutators
appearing in f are of length 2, that is of the form [xa, xb]. Hence f can be reduced to a linear
combination of the type∑
βx1i1 · · ·x
1
il · · ·x
k
u1 · · ·x
k
up [z1, z2] · · · [zs−1, zs][x
1
j1 , x
1
j2 ] · · · [x
k
v1 , x
k
v2 ]
where the indices are ordered. Note that we are supposing that s is an even number. The case
where s is odd is treated in a similar manner.
Let hi be the number of different variables of degree i appearing in f and suppose that for any
t = 1, . . . , hi, we have degxit(f) = r
i
t. By Theorem 7 we can assume that f is multilinear in the
commutators. Hence we write each summand as
(x11)
d11 · · · (x1h1)
d1h1 · · · (xk1)
dk1 · · · (xkhk)
dkhk [z1, z2] · · · [zs−1, zs][x11, ∗] · · · [∗, x
k
dk
].
Here dit ∈ {r
i
t, r
i
t − 1}, the notation x means that the variable x can be absent, and the indices are
ordered. We may assume that
∑k
i=1 i(r
i
1 + · · ·+ r
i
li
) ≤ k.
Suppose on the contrary that the previous polynomials are linearly dependent modulo TZ(E
k∗).
Then there must exist nonzero coefficients such that∑
β(x11)
d11 · · · (x1h1)
d1h1 · · · (xk1)
dk1 · · · (xkhk)
dkhk [z1, z2] · · · [zs−1, zs][x11, ∗] · · · [∗, x
k
dk
] ∈ TZ(E
k∗).
Consider the substitution ϕ : F 〈X |Z〉 → E given by zi 7→ ek+i while for the remaining variables
we repeat the construction of Lemma 10. In the substitution of Lemma 10 we replace the variables
for central elements. Consequently, the summand
f1 = (x
1
1)
r11 · · · (x1h1)
r1h1 · · · (xk1)
rk1 · · · (xkhk)
rkhk [z1, z2] · · · [zs−1, zs]
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will be the unique non-vanishing summand of f under the substitution ϕ. Hence the coefficient of
f1 is zero. Using the same argument that was used in [6] we have a substitution that vanishes all
but one given summand of the above linear combination. Thus chosen a non-zero coefficient in it
there is a substitution which will send the corresponding monomial to a nonzero element and all
remaining monomials vanish. Hence all coefficients are 0, and we are done.
In order to describe the Z-graded polynomial identities of E∞ in positive characteristic we note
that Lemma 10 also holds for E∞. Therefore we have the following lemma.
Lemma 12. Consider the graded monomial T = (x11)
r11 · · · (x1h1)
r1h1 · · · (xk1)
rk1 · · · (xkhk)
rkhk and de-
note by r = max{r11 , . . . , r
k
hk
}. If p > r then T is not a Z-graded identity of E∞.
Proof. We first observe that each homogeneous component of non-negative degree in E∞ has
infinitely many nonzero products of generators ei of even, respectively of odd, length, and with
disjoint supports. Using this it is immediate to exhibit a substitution which does not vanish T .
By using the above Lemma we describe the TZ-ideal of E
∞.
Theorem 13. Over an infinite field F of characteristic p > 2, the Z-graded polynomial identities
of E∞ are consequences of the graded identities:
• [x1, x2, x3], for every choice of the degrees α(x1), α(x2), α(x3);
• x, if α(x) < 0;
• xp, if α(x) ≥ 1.
Proof. One uses the same argument as of Theorem 11.
6 Graded identities of Ek in characteristic zero
In this section we assume the base field of characteristic 0. Recall that the grading Ek is defined
by ‖ei‖ = 0 for 1 ≤ i ≤ k, and ‖ei‖ = 1 if i ≥ k + 1. In this section we shall stick to the notation
‖ · ‖ for the homogeneous degree of an element in a graded algebra. As mentioned earlier we can
consider multilinear 0-proper polynomials only. We follow ideas from [10, Sections 5–8]. Some of
the proofs that are completely analogous to those from [10] will be omitted.
We denote by Γl,m the vector subspace of Vm,l consisting of the 0-proper multilinear polynomials
in the variables y1, . . . , yl of degree 0 and in the variables z1, . . . , zm of fixed but arbitrary positive
degrees d1, . . . , dm. The notation Γm,l instead of Γl,m could have been more consistent with Vm,l
but we prefer inverting the indices l and m in order to keep the similarity with that of [10]. The
following proposition is taken from Lemmas 12 and 13 of [10]. As above we denote by I the ideal
of graded identities generated by the triple commutators [u1, u2, u3] for every choice of the degrees
of the ui.
Proposition 14. The vector space Γl,m is spanned, modulo I, by the elements:
a) zi1 · · · zim [y1, y2] · · · [yl−1, yl], if l is even. It follows that for every f ∈ Γl,m one has
f(y1, . . . , yl, z1, . . . , zm) = g(z1, . . . , zm)[y1, y2] · · · [yl−1, yl] (mod I)
for some polynomial g ∈ Γ0,m.
b) zi1 · · · zim−1 [zim , y1][y2, y3] · · · [yl−1, yl], if l is odd and m ≥ 1. This means that for each
f ∈ Γl,m one has
f(y1, . . . , yl, z1, . . . , zm) = g(z1, . . . , zm, y1)[y2, y3] · · · [yl−1, yl] (mod I)
for some polynomial g ∈ Γ1,m.
The following corollary then is immediate (see Lemmas 14 and 15 of [10]).
Corollary 15. a) Let l be even and f ∈ Γl,m, then for l ≥ k + 1 we have f ∈ TZ(Ek). Moreover
for l ≤ k we have f ∈ TZ(Ek) if and only if g ∈ TZ(Ek−l).
b) Similarly if l is odd, m ≥ 1, and f ∈ Γl,m we get that for l ≥ k + 1 it holds f ∈ TZ(Ek). If
l ≤ k then f ∈ TZ(Ek) if and only if g ∈ TZ(Ek−l+1).
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Hence in order to describe the graded identities for Ek it will be sufficient to describe those of
Eh in Γ0,m and in Γ1,m, for every m ≥ 1 and h ≥ 0, and for every choice of the positive integers
d1, . . . , dm. Suppose that m = p+ q where p and q are non-negative integers, and that d1, . . . , dp
are odd while dp+1, . . . , dm (observe that p+ q = m) are even. As one would expect, it turns out
that the variables zp+1, . . . , zm behave much like the ones of homogeneous degree 0.
6.1 Graded identities in Γ0,m
The vector space Γ0,m is spanned, modulo I, by the elements of the type zi1 · · · zir [zj1 , zj2 ] · · · [zjt−1 , zjt ]
where t + r = m and t is even. Moreover it suffices to consider only the above elements with
i1 < · · · < ir and j1 < · · · < jt. Denote T = {j1, . . . , jt}, and fT = zi1 · · · zir [zj1 , zj2 ] · · · [zjt−1 , zjt ].
As in [10, Definition 16] one defines the element g1(z1) = z1, and for m ≥ 2, gm(z1, . . . , zm) =∑
(−2)−|T |/2fT where the sum runs over all subsets T ⊆ {1, . . . ,m} such that |T | is even.
Proposition 16. [10, Proposition 18] Let ‖zi‖ be odd positive integers, i = 1, . . . , h + 2. Then
the polynomial gh+2(z1, . . . , zh+2) is a graded identity for E
h.
We draw the readers’ attention that we require all zi to be of odd homogeneous degrees. Then
the proof of Proposition 18 from [10] applies word by word to our case.
A further reduction of the type of identities satisfied by Eh is due.
Lemma 17. Let q ≥ 1 and suppose that f ∈ Γ0,m ∩ TZ(Eh) is a graded identity for Eh. Then
f ≡ f1zm + f2 (mod I) where f1 ∈ Γ0,m−1 ∩ TZ(Eh) and zm appears inside commutators only in
f2. Moreover f2 ∈ Γ0,m ∩ TZ(Eh).
Proof. One uses several times the equality uzmziv = u[zm, zi]v+ uzizmv where u and v are mono-
mials, and the fact that [zm, zi] are central elements. Thus one obtains f ≡ f1zm + f2 (mod I).
We have that ‖zm‖ > 0 is an even integer. There are infinitely many elements of the canonical
basis of E in the homogeneous component of degree ‖zm‖ whose length is even, thus these elements
are central. Substitute zm for such an element of the canonical basis of E, this vanishes f2. If
one substitutes now z1, . . . , zm−1 for elements of the canonical basis of E and taking care of the
supports to be disjoint one gets f1 ∈ Γ0,m−1 ∩ TZ(E
h). Then f1zm ∈ Γ0,m ∩ TZ(E
h) and this
implies the last statement of the lemma.
Corollary 18. Let q ≥ 1 and suppose f ∈ Γ0,m ∩ TZ(Eh) is a graded identity for Eh.
If q is even then f ≡ f ′(z1, . . . , zp)[zp+1, zp+2] · · · [zm−1, zm] (mod I). In case h ≥ q then
f ′(z1, . . . , zp) is a graded identity for E
h−q which depends on variables of odd homogeneous degree.
If q is odd then f ≡ f ′(z1, . . . , zp, zp+1)[zp+2, zp+3] · · · [zm−1, zm] (mod I). In case h ≥ q − 1
then f ′(z1, . . . , zp) is a graded identity for E
h−q+1 which depends on only one variable of even
homogeneous degree.
Here we observe that one cannot apply directly 0-proper identities in this situation (the element
1 does not lie in the corresponding homogeneous components). That is why we have to do the
straightforward computation.
Therefore in order to describe the graded identities for Eh in Γ0,m it suffices to know the graded
identities for Es for each s, in Γ0,m where q = 0 or 1. Recall that among di = ‖zi‖ there are p odd
and q even positive integers.
Suppose first q = 0. As in Definition 19 of [10] we denote by Jh the ideal of graded identities
defined by I and by the polynomial gh+2(z1, . . . , zh+2) where all ‖zi‖ = di are odd. Then one has
the analogue of Proposition 25 (a) from [10], with exactly the same proof.
Proposition 19. Let all zi, 1 ≤ i ≤ m be of odd homogeneous degree. Then for every m ≥ 1 one
has Γ0,m ∩ TZ(Eh) = Γ0,m ∩ Jh.
Let q = 1, that is we have in f(z1, . . . , zm) only one variable, zm of even homogeneous degree
dm > 0. This case is very similar to that of only one variable y dealt with in Section 7 of [10].
We follow the notation from Section 7 in [10]. The vector space Γ0,m is spanned in this case,
modulo I, by the polynomials
f ′T (z1, . . . , zm) = zi1 · · · zir [zj1 , zj2 ] · · · [zjt , zm].
Here i1 < · · · < ir, j1 < · · · < jt, r + t = m and T = {j1, . . . , jt}, |T | = t is an odd integer.
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Proposition 20. [10, Section 7] Let ‖zi‖ be odd integers for 1 ≤ i ≤ h + 1, and let ‖zh+2‖ be
even. Then the polynomial [gh+1(z1, . . . , zh+1), zh+2] is a graded identity for E
h.
If ‖zi‖ are odd for 1 ≤ i ≤ h + 2 and ‖zh+3‖ is even then gh+1(z1, . . . , zh+1)[zh+2, zh+3] is a
graded identity for Eh.
We denote by Jh1 the ideal of graded identities generated by I and by the two polynomials from
Proposition 20. Then the contents of Section 7 in [10] transfers literally to our case (substituting
the variable y for the corresponding unique variable z of even positive homogeneous degree). In
particular Proposition 28 and Lemma 31 from [10] hold in our case with the due changes. We will
need explicitly the following proposition.
Proposition 21. [10, Proposition 32 (a)] Suppose h ≥ 0 and m ≥ 1. Let ‖zi‖ = di be odd positive
integers for 1 ≤ i ≤ m− 1 and let dm > 0 be even. Then Γ0,m ∩ TZ(Eh) = Γ0,m ∩ Jh1 .
6.2 Graded identities in Γ1,m
This case is quite similar to the one already considered in the previous subsection so we outline
only the differences. As in the case of Γ0,m one obtains that, modulo I, the vector space Γ1,m is
spanned by the elements of the type
f ′T = zi1 · · · zir [zj1 , zj2 ] · · · [zjt−2 , zjt−1 ][zjt , y].
Here as above i1 < · · · < ir, j1 < · · · < jt, T = {j1, . . . , jt} and t is an odd integer. Denote as
above di = ‖zi‖. The di are positive integers. As in the previous subsection we have to consider
the two possibilities: when all di are odd, and when there is exactly one even among them.
Suppose all di are odd. Then the whole Section 7 of [10] applies without any change. We recall
very briefly the results from [10] we need here. The polynomials
[gh+1(z1, . . . , zh+1), y], gh+1(z1, . . . , zh+1)[zh+2, y]
are graded identities for Eh. If we put Jh2 the ideal of graded identities generated by I together with
these two polynomials one obtains, repeating word by word the argument from [10], the following
proposition.
Proposition 22. [10, Proposition 32 (a)] For m ≥ 1 and each h ≥ 0, one has Γ1,m ∩ TZ(Eh) =
Γ1,m ∩ Jh2 where all variables zi, 1 ≤ i ≤ m are of odd positive homogeneous degree.
Now let the di, 1 ≤ i ≤ m− 1 be odd and dm be even. As it was done earlier we can consider,
modulo I, that zm appears inside commutators only. Also modulo I one has that [x1, x2][x3, x4] =
−[x1, x3][x2, x4] (this is an ordinary identity for the Grassmann algebra). Therefore we can suppose
that zm and y are in the same commutator. In this way we have that every polynomial f in Γ1,m
can be written as
f(z1, . . . , zm, y) ≡ f
′(z1, . . . , zm−1)[zm, y] (mod I).
It follows that f is a graded identity for Eh if and only if f ′ is one for Eh−1 for every h ≥ 1. (Since
dm is even we have to use one of the h basic elements assumed of degree 0 in order to change the
parity of zm under an evaluation, otherwise the commutator vanishes modulo I.) All variables z1,
. . . , zm−1 are of odd positive degree.
Let di, 1 ≤ i ≤ h+ 1 be odd and dh+2 be even. The graded identities
[gh+1(z1, . . . , zh+1), y], gh+1(z1, . . . , zh+1)[zh+2, y]
are satisfied by Eh. We denote by Jh3 the ideal of graded identities generated by I and by the
above polynomials. As in [10, Proposition 32 (a)] we obtain
Proposition 23. Suppose m ≥ 2 and di = ‖zi‖ are odd whenever 1 ≤ i ≤ m− 1 while dm = ‖zm‖
is even. Then Γ1,m ∩ TZ(Eh) = Γ1,m ∩ Jh3 .
In order to describe the graded identities for the Z-graded algebra Ek we define the ideal P k
of graded identities as the one generated by the following polynomials.
1. x whenever ‖x‖ < 0.
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2. [x1, x2, x3], for every choice of the degrees ‖xi‖.
3. [y1, y2] · · · [yk−1, yk][yk+1, x] where ‖x‖ is arbitrary, if k is even.
4. [y1, y2] · · · [yk−2, yk−1][yk, yk+1], if k is odd.
5. gk−l+2(z1, . . . , zk−l+2)[u1, u2] · · · [ul−1, ul] where ‖zi‖ are positive odd integers and ‖ui‖ are
even integers (some of the ui may be variables y while the remaining are z of even homoge-
neous degree). Here l ≤ k is even.
6. [gk−l+2(z1, . . . , zk−l+2), u1][u2, u3] · · · [ul−1, ul] where ‖zi‖ are positive odd integers and ‖ui‖
are even integers (some of them y and the remaining z with ‖z‖ even). Here l ≤ k is odd.
7. gk−l+2(z1, . . . , zk−l+2)[zk−l+3, u1] · · · [ul−1, ul] where as above ‖zi‖ are positive odd integers
and ‖ui‖ are even integers (some of them y and the remaining z with ‖z‖ even). Here l ≤ k
is odd.
Depending on k being even or odd we include in P k only the corresponding identities in items
(3) or (4) above.
Lemma 24. The polynomials above are graded identities for the Z-graded algebra Ek, that is
P k ⊆ TZ(Ek).
Proof. The first two types of polynomials are obviously graded identities for Ek. If k is even
then the polynomial in item 3 is an identity since there are just k linearly independent elements
of homogeneous degree 0, namely e1, . . . , ek (and one cannot put 1 in a commutator without
vanishing it). The same argument applies to item 4. Items 5, 6, 7 are dealt with in a similar
manner so we consider item 5 only. In it, if some of the ui is a variable y of degree 0 then we are
left with k− 1 elements among e1, . . . , ek. But when substituting those among the ui which are of
positive even degree with elements of Eh we have to use for each of them at least one among the
e1, . . . , ek. Otherwise the corresponding z will be substituted with a central element of E thus
annihilating the commutator.
Here is the main theorem of the section. Its proof is now a straightforward adaptation of the
proof of Theorem 38 in [10], and we omit it.
Theorem 25. The ideal TZ(E
k) of the Z-graded identities for the algebra Ek coincides with the
ideal P k.
7 Further examples of Z-gradings on E
7.1 Z-gradings of the form (r), (∞)
Let r ∈ N and put ‖en‖ = r for every n ∈ N, we obtain the Z-grading E
(∞)
(r) = ⊕n∈ZAn such that
An =


0, if n < r and n 6= 0
F, if n = 0
spanF {w ∈ BE | |supp(w)| = m}, if n = rm
0, if n > r and r ∤ n
.
Observe that this grading has support C = {0, r, 2r, . . . , nr, . . .}. We shall describe the Z-graded
polynomial identities for this grading. An easy and direct computation shows that the following
polynomials are Z-graded polynomial identities of TZ(E
(∞)
(r) ):
• x, if α(x) /∈ C;
• [x2rn1 , x
rm
1 ], for every n, m ∈ N0;
• xrn1 x
rm
1 + x
rm
1 x
rn
1 , if both n and m are odd integers.
Example 1. Let E be the Z-graded algebra just constructed. The ideal of graded identities
TZ(E
(∞)
(r) ) is generated by the identities above. The argument repeats word by word that of the
natural Z-graded case.
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Let H be the subgroup of Z generated by the given element r. Clearly E becomes an algebra
graded by H , and this new H-grading is equivalent to the Z-grading Ecan. In this context we
say that E
(∞)
(r) and E
can are equivalent gradings. In fact the graded identities are essentially the
“same”, re-scaling by the multiple r. It is also easy to see that in characteristic p > 2 one has to
add to the list of identities of the above theorem the p-th powers of the elements xnr1 with n even.
Note once again that if n is odd the square of the corresponding variable vanishes thus its pth
power is 0 as well.
7.2 Z-gradings of the forms (p, q), (1,∞), and (p, q), (k,∞)
Here we give, as examples, the graded identities for the gradings from the title.
Let p, q be primes such that p < q. Consider the decomposition
L = L1p ⊕ L
∞
q .
We suppose that dimLp = 1 and dimLq = ∞. Up to a change of the basis we can assume that Lp
is the span of {e1} and Lq is the span of {e2, e3, . . .}. In the above list notation this decomposition
provides us with the Z-grading E
(1,∞)
(p,q) = ⊕n∈ZAn.
Now we describe its components and its Z-graded polynomial identities. First we define the set
C = {px+ qy | x = 0, 1 and y ∈ N0}.
We define the following sets:
C1 = {qy | y is even}, C2 = {qy | y is odd },
C3 = {p+ qy | y is even }, C4 = {p+ qy | y is odd }.
Obviously we have that
C = C1 ∪ C2 ∪ C3 ∪ C4.
We denote by Ecan = E(0)⊕E(1) the natural Z2-grading on E. If y ∈ N we adopt the notation
Ey(en) = the subspace of E spanned by all products of ei’s of length y without the factor en;
Ey[en] = the subspace of E spanned by all products of ei’s of length y + 1 with the factor en.
Using the previous notation we have that the description of the Z-grading E
(1,∞)
(p,q) is given by the
following rules. Here An stands for the homogeneous component of degree n.
An =


0, if n /∈ C
F, if n = 0
E(0) ∩ E
y(e1), if n ∈ C1 and n = qy
E(1) ∩ E
y(e1), if n ∈ C2 and n = qy
E(1) ∩ E
y[e1], if n ∈ C3 and n = p+ qy
E(0) ∩ E
y[e1], if n ∈ C4 and n = p+ qy
, y 6= 0.
Example 2. It is easy to check that the Z-graded algebra E
(1,∞)
(p,q) satisfies the following Z-graded
polynomial identities:
• x, if α(x) /∈ C;
• [x1, x2], if α(x1) ∈ C1 ∪C4;
• x1x2 + x2x1, if α(x1), α(x2) ∈ C2 ∪ C3;
• x1x2, if α(x1), α(x2) ∈ C3 ∪ C4.
In the following example we shall consider a more general situation which will imply that the
TZ-ideal TZ(E
(1,∞)
(p,q) ) is generated by the graded identities above.
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Example 3. Let p, q be primes such that p < q. We consider once again the decomposition
L = Lkp ⊕ L
∞
q .
We suppose that dimLkp = k < p is an integer and dimL
∞
q = ∞. Up to a change of basis we can
assume that Lkp is the span of {e1, . . . , ek} and L
∞
q is the span of {ek+1, ek+2, . . .}.
In this way we have the Z-grading E
(k,∞)
(p,q) = ⊕n∈ZAn. Here An is the homogeneous component
of degree n. Once again we define
C = {px+ qy | x = 0, 1, . . . , k and y ∈ N0}.
We form the sets
C1 = {qy | y is even}, C2 = {qy | y is odd},
Di = {pi+ qy | y ≡ (i+ 1) (mod Z2)}, Dˆi = {pi+ qy | y ≡ i (mod Z2)},
for i = 1, . . . , k. Obviously we have
C = C1 ∪ C2 ∪D1 ∪ Dˆ1 · · ·Dk ∪ Dˆk.
Here we use the notation
Et
y[e1, . . . , ek] = the set of E formed by all products of ei’s of length y + t with t factors in {e1, . . . , ek}.
Ey(e1, . . . , ek) = the set of E formed by all products of ei’s of length y without factors in {e1, . . . , ek}.
Therefore we have the following description of the homogeneous components:
An =


0, if n /∈ C
F, if n = 0
E(0) ∩ E
y(e1, . . . , ek), if n ∈ C1 and n = qy
E(1) ∩ E
y(e1, . . . , ek), if n ∈ C2 and n = qy
E(1) ∩ E
y
1 [e1, . . . , ek], if n ∈ D1 and n = p+ qy
E(0) ∩ E
y
1 [e1, . . . , ek], if n ∈ Dˆ1 and n = p+ qy
...
E(1) ∩ E
y
k [e1, . . . , ek], if n ∈ Dk and n = kp+ qy
E(0) ∩ E
y
k [e1, . . . , ek], if n ∈ Dˆk and n = kp+ qy
.
We assume above that y 6= 0. The description of the graded identities of E
(k,∞)
(p,q) is given below.
First it is immediate to check that the following polynomials are graded identities for the Z-graded
algebra E
(k,∞)
(p,q) . Here we assume p, q are primes and k < p < q.
• x, if α(x) /∈ C;
• [x1, x2], if α(x1) ∈ C1 ∪ Dˆ1 ∪ · · · ∪ Dˆk;
• x1x2 + x2x1, if α(x1), α(x2) ∈ C2 ∪D1 ∪ · · · ∪Dk;
• x1 · · ·xl1u1 · · ·ul2 · · ·w1 · · ·wlk , if α(x) ∈ D1 ∪ Dˆ1, . . . , α(w) ∈ Dk ∪ Dˆk and
1× l1 + · · ·+ k × lk > k.
Now we prove that these graded identities generate the TZ-ideal of the Z-graded algebra E
(k,∞)
(p,q) .
Let I be the ideal of graded identities generated by the above polynomials. As the field is of
characteristic 0 we consider multilinear polynomials only.
Assume that f(z1, . . . , zn) is a multilinear Z-graded polynomial and that f /∈ I. We shall show
that f does not vanish on E
(k,∞)
(p,q) . Clearly we can assume that α(zi) ∈ C for every i = 1, . . . , n.
Modulo the identities [x1, x2] and x1x2 + x2x1 there exists β 6= 0 such that:
f = βx1 · · ·xl1u1 · · ·ul2 · · ·w1 · · ·wlkθ1 · · · θs
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where
α(x) ∈ D1 ∪ Dˆ1, . . . , α(w) ∈ Dk ∪ Dˆk, α(θ) ∈ C1 ∪C2.
Due to the last identities that define I we have that
1× l1 + · · ·+ k × lk ≤ k.
Now it is easy to construct a substitution that does not vanish f .
8 Further discussion
Here we raise several open questions related to our results.
1. If the Z-gradings E
(v1,...,vl)
(n1,...,nl)
and E
(u1,...,ut)
(m1,...,mt)
are isomorphic what can one say about the lists
(n1, . . . , nl), (v1, . . . , vl), and (m1, . . . ,mt), (u1, . . . , ut)?
2. What do the Z-graded polynomial identities of Ek
∗
, E∞ and Ek over a finite field look like?
3. What are the Z-graded identities of Ek if the base field is infinite of positive characteristic
p > 2?
4. What happens with the Z-gradings on E that are not of finite coverage? For example, we
can define a Z-grading on E by the index, that is:
‖ei‖ = i,
for every i ∈ N. This Z-grading has an interesting combinatorial interpretation. What are
the respective graded polynomial identities?
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